§ 1. Introduction.
The object of this paper is twofold : first to deduce directly from the properties of double integrals, the formula first given by Abel, 2ii /*' i rx f'(Xut)XdX ", N and second to apply this formula to obtain sufficient conditions under which a function is developable in a series of Bessel's functions of multiple values of the argument.
Part I. A Theorem of Abel. § 2. Historical remarks.
In a note on a mechanical problem, published in 1826,f Abel gave the inversion formula r*ilr' (u)du " , , sin n-ir fy cb(x) dx which under sufficiently strong conditions is equivalent to .. . ,._, 2ícsiníi7T Cl. rx y2neb'(xyz)dz Relation (1) results from setting n = \ in this formula. The case n = \ is the one to which the problem of mechanics considered by Abel leads, and many authors refer this case alone to him. Abel's proof which was founded on properties of the Gamma function is incomplete.
* Presented to the Society December 29, 1905 and February 24, 1906 . Received for publication June 8, 1906. jCrelle 's Journal, vol. 1 (1826), p. 153, and Oeuvres Complètes, vol. 1, p. 97. 
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In 1857 Schlömilch* made use of relation (1) in determining the form of a development in terms of Bessel's functions of multiple values of the argument. Remarking that Abel's demonstration is not rigorous, he proceeds to give a proof founded on double integrals, but as he says nothing of any conditions, and as the reader is left to suppose that the theorem is universally true, his proof must be placed in the same category with that of Abel.
Sonine| has given a proof resting on properties of Bessel's functions, but the work is not rigorous, and he says nothing of the conditions under which it will hold. Beltrami ^ discusses various forms of relation (1), and their application to Schlömilch's development, but without stating any conditions for its validity.
Levi-Civita § investigates a very general inversion formula which contains Abel's as a special case. He finds that the latter is valid for a function which is representable by Fourier's double integral, and has an integrable derivative. Volterra || reviews the literature of the subject, and studies more general formulas of inversion. The most recent proof of Abel's relation seems to be that of Nielsen.Ĥ is demonstration, based on properties of the Gamma function, is valid for a function f(x) whose derivative f (x) can be developed in a series of functions of the form
where the series is uniformly convergent and each pn(x) is analytic in the neighborhood of the origin.
The present proof is based on properties of multiple improper integrals as developed by Professor Pierpont ** ; and aims to make rigorous the demonstration of Schlömilch already referred to. It is applicable to a more general class of functions than the proof of Nielsen, and is much simpler than that of Levi-Civita ; though these latter proofs apply to Abel's general theorem, and not merely to the case n =J, given in relation (1). § 3. Preliminary theorem.
Theorem 1. Letf(x) be continuous in (a, b) except at the points of an aggregate A of the first species.^ In any subinterval of (a, 6) in which f(x) is not continuous, let it have limited variation.
Let f (x) be integrable in (a, b) where it may have finite or infinite discontinuities.
Then if f(x) is continuous at the end points of the interval,
Iff (x) is discontinuous at the end points, then 
Hence by passing to the limit, is the sum of the discontinuities of f(x) in (a, b). Hence
Case 2°. Suppose A is of order n. The case where A is of order zero having been already considered, we suppose the theorem is true for A of order n -1, and show that it must hold for A of order n.
In this case A(n) consists of a finite number of points cx, c2, • • -, ct. Then in the intervals (ci+e,ci+x-e) the aggregate of points of discontinuity is of order n -1, and we have f'(x)dx= is finite, and we set s+l s+l e=0 k=l *=1
* That dk has a meaning when the number of discontinuities in the interval ( Ck-\ +e, ck -e ) infinite, is seen as follows : If the aggregate A of points of discontinuity is finite, or in other words if A is of order zero, dt is obviously a well defined quantity.
Hence we suppose that <2t is defined when A is of order n -1, and show that it is defined when A is of order n. If A is of order n, A<»> consists of a finite number of points pi, pi, ■ ■ ■, pt. Enclose these in little intervals ( Pi -n, p¡ + V ) ■ In the remaining intervals A is of order n -1, hence dk is defined. Let rf¡i be the absolute value of the first discontinuity falling in the interval ( p¡ -V, Pi + v) ; let d¡.¿ be the sum of the absolute values of the first and second, etc. Then ¿n , ia, ia, • • • is an infinite increasing sequence, which, as / has limited variation, must always remain less than some fixed quantity.
Then from Theory of Functions, \\ 109, 101, 102 the sequence <5¡i, 6a, <5a • • • has a limit, which we define as the value of dk in the interval (p¡ -rl, pi + t) • Hence dk is defined throughout the interval (c*_i + e, ck -e).
The same reasoning holds for Z»t = lim dk. where Dk is the sum of the discontinuities of f(x) in the interval (ck_x, ck) excluding the end points.
Also sincefi(x) has limited variation,
exists and is finite. * Set
4=1
Then D is the sum of the discontinuities of f(x) in (a, b), and
Similar reasoning holds if f ( x ) is discontinuous at x = o. § 4. Proof of Abel's relation.
be continuous in the interval (0, tr), except at the points of an aggregate A of the first species.
In any subinterval of (0, it) in which f(x) is not continuous let it have limited variation.
2°. Let f"(x) be integrable in (0, tt), and continuous except at the points of an aggregate of the first species where it may have finite or infinite discontinuities. The image of the square S is the quadrant Q, bounded by the lines x=0, y=0, x2 + y2 = u2. The transformation is regular* in S except at the points of a discrete aggregate D, which consists of the boundaries of S and a set of equilateral hyperbolas.
The image of D is also discrete, consisting of the boundaries of Q and a set of lines parallel to the y axis.
Hence is uniformly convergent f in 0 = t = 1. Hence it is limited \ in the same interval, and continuous § except at the points of a discrete aggregate.
It is therefore integrable in 0 = t = 1, and the conditions of theorem 2 are satisfied.
It should be noted that in the general case of the theorem conditions 3°, 4°d o not follow from 2°. For if f (x) has a single point of infinite discontinuity, f '(Xut) becomes infinite at all the points of an hyperbola, and hence has points of infinite discontinuity in common with 1 / Vl -t2 ■ Vl -X2. Then f'(Xut )/i/l -X2■ VI -t2 may not be integrable.
The conditions of theorem 2 obviously include those of Nielsen ||, since in his theorem f (x), being representable by a uniformly convergent series of continuous functions, must be a continuous function in the vicinity of the origin. His theorem, however, covers a more general set of inversion formulae. V ' t Jo Jo VI -v2
He however specified no conditions sufficient for the proof of the validity of either development. Beltrami,* Gegenbauer,| and Volterra \ study developments of this and more general forms, considering the multipliers of the variable x in the respective terms as the roots of a transcendental equation. This throws the consideration of these developments back upon the very general problem studied by Dini, § which he solved by use of the complex variable. Nielsen || gives as sufficient conditions for the development of f(x) in a Schlömilch series, that f'(x) shall exist and be such that f(ax) + axf'(ax) may be developed in a Fourier series, which shall be uniformly convergent for -7T < a; < 7T, -1 = a = 1. It follows from this that fi(ax) + axf'(ax) is a continuous function in the interval, a condition which is not imposed in the following theorems. Nielsen's theorem applies, however, to a more general class of developments. § 6. Developments in terms of J0(x).
Theorem 3. Let f(x), f"(x) be subject to the conditions of theorem 2.
Set
(1) f(0 + 0) + Xu f * ^% = F(Xu) (OgXSl.og.gr),
where D(u) is the sum of the discontinuities of f(u) in (0, u).
Multiplication of (1) by 2/77-1/I -X2 gives
By condition 4° in theorem 2 this is integrable in 0 = X = 1. Hence, integrating, we get *Loc. cit., pp. 327, 402. tWiener Sitzungsberichte, vol. 88, II (1883) , p. 975. % Loc. cit., p. 139. By Arzelà's condition f this series is integrable termwise in the interval 0 = X = 7r/2 if it is " in general uniformly convergent by segments " and is determinate for every value of X in the interval, if each term is integrable, and the sum of a terms is less than a finite number A for all a and all X. Now F is continuous % except, perhaps, for a set of points of the first species.
These can be included in a finite number of intervals of total length e, where s is arbitrarily small. Since F is continuous in the remaining subintervals, the series converges uniformly § in each of these.
Hence in the interval (0, 7r) it is according to Arzelà || " in general uniformly convergent by segments." Fur- In essentially the same manner as theorems 3 and 4 we may prove the following theorems : " "Jo Jo l/l-X2
It will be noted that this development may be valid when f(x) has an isolated infinity of order less than one at the origin, a fact which we are unable to affirm concerning the corresponding development of SchlÖmilch.
The question of the identity of these two forms of development (4), (5) is an interesting one. It seems probable that for any function which is regular at the origin they are the same, as is the case in the following examples. a -a = -I um cos ra?¿ ara I-_-aX.
" " tJo J, l/l-X2
